ABSTRACT. We study the asymptotic behavior of the ratio | f (z)|/|z| as z → 0 for mappings differentiable a.e. in the unit disc with non-degenerated Jacobian. The main tools involve the length-area functionals and angular dilatations depending on some real number p. The results are applied to homeomorphic solutions of a nonlinear Beltrami equation. The estimates are illustrated by examples.
1. INTRODUCTION 1.1. A very interesting problem of classical Complex Analysis is to extend Schwarz's Lemma to more general classes of functions than analytic ones. A result of such type has been established by Teichmüller [18] for quasiconformal mappings. He proved the existence of limit of | f (z)|/|z| at the origin and called it asymptotic dilation assuming the finiteness of the integral of a form |z|<1 (K f (z) − 1)/|z| 2 dxdy. Here K f (z) stands for the real coefficient of quasiconformality of the mapping f . Later the same result has been obtained by a different method (Ahlfors' inequalities) by Wittich [19] . For extensions of such results see also [3] , [13] , [14] and others. The most of these results involve the module technique (extremal lengths).
In the paper we apply the length-area method originated in 1920's and isoperimetric inequality; see, e.g. [1] , [4] , [10] , [17] .
Throughout the paper we consider sense-preserving homeomorphisms from the Sobolev class W 1,1 in the unit disc requiring regularity and possessing Lusin's (N)-property (preservation of sets with zero measure). The regularity of a mapping in a domain means its differentiability almost everywhere (a.e.) and nonvanishing Jacobian a.e. Since we study the W 1,1 -homeomorphisms, the differentiability a.e. follows a priori; see, e.g. [11] . Note that nonvanishing Jacobian is equivalent to Lusin's (N −1 )-property.
In this paper the asymptotic behavior (asymptotic dilation) of such mappings is studied under assumption that some integral mean of the angular dilatation is finite.
1.2. There are various counterparts of directional dilatations in the plane; see, e.g. [2] , [9] , [15] . These dilatations are much flexible than the classical (inner, outer, linear) ones and provide the important tools for investigation of local properties of quasiconformal mappings in the Eucledian and more general metric spaces (cf. [5] , [6] , [8] ).
We use the following definition. Let D be a domain in C and f : D → C be a regular homeomorphism of Sobolev class W 1,1 loc . For any p > 1, the quantity
is called p-angular dilatation of f at a point z ∈ D, z = 0, with respect to the origin. For simplicity of notations, we write D p (z) = D p (z, 0).
1.3. Let B r = {z ∈ C : |z| < r}, γ r = {z ∈ C : |z| = r}, and B = B 1 . Our first result states: 
where c p is a positive constant depending only on p.
Some results related to (1.3) are given in [7] , [12] , [16] .
AUXILIARY RESULTS
We present several needed preliminary results. Some of those have an intrinsic interest.
For a measurable function
The following statement provides a differential inequality for the area functional S(r) = m( f (B r )), where m denotes the two dimensional Lebesgue measure. 
Proof. Denote by L(r) the length of curve f (re iθ ),
and by Hölder's inequality,
Due to Lusin's (N)-property and the Fubini theorem,
Estimating the last integral by (2.3) and using (2.1) for
Combining (2.4) with the planar isoperimetric inequality L 2 (r) ≥ 4πS(r) implies the desired relation (2.2).
The inequality (2.4) allows us to derive a counterpart of the classical length-area principle for conformal and quasiconformal mappings; see, e.g. [17] .
Integrating (2.4), one gets for 0 < r 1 < r < r 2 < 1, 
and integrating over the segment [r, 1], we obtain
,
This function is nondecreasing on [0, 1], and
Combining the last two inequalities, we have
This implies the inequality (2.5), because for p > 2,
.
2.3.
The following result estimates the integrals of the type (2.1) in the terms of integral averages for Q. 
holds, where q p (r) is defined by (2.1).
Proof. Notify that
one obtains by Hölder's inequality with the exponents p and p
Now by the Fubini theorem,
which completes the proof.
2.4. We also provide a lower bound for S(r) when 1 < p < 2. 
Proof. Integrating (2.2) along the segment [0, r], and arguing similar to the proof of Lemma 2.2, we arrive at S
, which implies (2.6), because S(0) = 0.
Lemma 2.4 yields that for any homeomorphism f : B → B satisfying its assumptions, the integral 1 d p (t) ) always converges. Indeed, for 1 < p < 2, we have the estimate
PROOFS OF UPPER BOUNDS AND ILLUSTRATING EXAMPLES
3.1. We start with the proof of Theorem 1.1.
It follows from combining Lemmas 2.2 and 2.3 that for p > 2,
where r ∈ [0, 
with c p > 0 depending only on p. This completes the proof.
3.2. We now illustrate the sharpness of the growth order in the inequality (1.3).
By a direct calculation, letting z = re iθ , the partial derivatives
Hence,
and therefore,
On the other hand,
3.3. The next example shows that the condition (1.2) in Theorem 1.1 cannot be omitted. 
where M r = max
iR(r)e iθ , and
Hence, 
3.4.
As the consequences of Theorem 1.1, we obtain
with a positive constant c p depending only on p. 
We illustrate the last corollary by Example 3.5. Take a radial stretching f (z) = z|z| α , α > 0, of the unit disc B.
Then, letting z = re iθ , f (z) = r α+1 e iθ ,
Therefore,
and for p > 2,
3.5. The asymptotic dilation of regular homeomorphisms f : B → B can be established also by applying a different assumption, which we call lim sup condition. .
Proof. Arguing similarly to the beginning of the proof of Theorem 1.1 and applying the upper bound (2.5) for S(r), one gets
The sharpness of the upper bound (3.3) in Theorem 3.6 is illustrated by Example 3.1. Indeed, .
We illustrate the sharpness of the lower bound (4.1) in Theorem 4.1 by the same example (Example 3.1). Indeed, the condition (4.1) is fulfilled with k 0 = |k| 2−p (2 − p) −1 , and lim r→0 | f (z)|/|z| = |k| < ∞.
4.2.
As a consequence of Theorems 4.1 and 3.6, one obtains, when the ratio | f (z)|/|z| has only one limit point, the following statement. ,
Proof. The proof immediately follows from the assertions of the above theorems for p, 1 < p < 2, and p ′ = p/(p − 1), 2 < p ′ < ∞. 
